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Vines Popularity
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Vines Copulas 101

Vine copula = Structure︸ ︷︷ ︸
Sequence of nested trees

+ Parameters︸ ︷︷ ︸
Bivariate copulas on each edge

• Why are they popular ?

▶ Flexible multivariate distributions (pdf, cdf, simulation,
etc.) in (moderately) high dimensions.

▶ High quality open source implementations.

▶ Legacy package (Nagler et al., 2025)

▶ Modern libraries (Nagler and Vatter, 2025c,b,a)
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Setup

• Given

▶ a structure V

▶ a dataset D,

Assume that ∃ an algorithm returning f̂V,D ∈ F , with F the
space of d-dim densities.

• Structure learning : find V minimizing E[L(f̂V,D,Z ) | D]
for a loss L : F ×Rd → R.

• How do users typically use the software ?

▶ Most of the time : default settings, i.e., a greedy
heuristic to get V̂ and return f̂V̂,D.

▶ Occasionally : tweak a few hyperparameters.
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Can we do better ?
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Figure – Our method’s average relative improvement in % out-of-sample
log-likelihood over Dissmann et al. (2013).
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Structure learning : a major challenge

• 2(d−3)(d−2)/2−1d! possible
structures on d variables
(Morales-Nápoles, 2011, Joe et al.,
2011) : can’t try them all !
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• Greedy heuristics
(Dissmann et al.,
2013, Kraus and
Czado, 2017b) : fast
but often suboptimal.

• More sophisticated
methods Gruber and
Czado (2015), Chang
et al. (2019), Sun
et al. (2019) :
excessively expensive
even in small
dimensions (say,
d ∈ [5, 10]).
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Hold-out Random Search

Algorithm Hold-out Random Search

Input: Dataset D of size n, hold-out ratio η, # of candidates M.
Output: Optimal structure V̂.
1: Split D into Dtrain ∪ Dval = D, nval = ⌊ηn⌋, ntrain = n − nval.
2: Generate candidates Θ = {V1, . . . ,VM}.
3: For each V ∈ Θ :

4: Fit a density f̂V,Dtrain
.

5: Compute Rval(V) = 1
|Dval|

∑
Z∈Dval

L(f̂V,Dtrain
,Z ).

6: Select : V̂ = argminV∈Θ Rval(V).

• Simple, parallelizable, etc.

• How does it perform on test data ?
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Concrete UCI Dataset
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Is this it ?
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Airfoil UCI Dataset
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Model Confidence Sets (MCS 1)

• Notation : P′(·) = P(· | Dtrain), E
′[·] = E[· | Dtrain], and

R ′(V) = E′[L(f̂V,Dtrain
,Z )].

• Consider

▶ Θ = {V1, . . . ,VM} a set of M candidate structures,

▶ Θ∗ = argmin
V∈Θ

R ′(V) the subset of optimal structure(s).

• A random set Θ̂ ⊆ Θ is an α-level MCS if

inf
V∈Θ∗

P′(V ∈ Θ̂) ≥ 1− α,

1. See Hansen et al. (2011), Zhang et al. (2024), Kim and Ramdas (2025).
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From a discrete argmin test to the MCS

• For any V ∈ Θ, let

▶ H0,V : R ′(V) ≤ minW∈Θ R ′(W),

▶ T̂V be the dimension-agnostic (DA) statistic of Kim and
Ramdas (2025), i.e. T̂V → N(0, 1) under H0,V .

Algorithm MCS for Vines.

Input: Same as before + confidence parameter α.
Output: A set of structures Θ̂.
1: Follow Steps 1-4 from before.
2: For each V ∈ Θ, split Dval into two halves and use :

3: Half to identify the strongest competitor VΘ\{V} ;

4: Half to compute T̂V from loss differences btw V and VΘ\{V}.

5: Invert the test to form Θ̂ = {V : T̂V ≤ Φ−1(1− α) }.
6: Return the MCS Θ̂.
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Theoretical guarantees & ensembling

Theorem

Whenever lim supn→∞maxV∈ΘE
′[|L(f̂V,Dtrain

,Z )|3] <∞, the
algorithm yields
(i) lim infn→∞ P′(V ∈ Θ̂) ≥ 1− α for all V ∈ Θ∗,
(ii) limn→∞ P′(∃V ∈ Θ̂ : R ′(V)− R ′(V∗) > an/

√
n
)
→ 0 for any

V∗ ∈ Θ∗ and an → ∞.

Combine models in Θ̂ by ensembling :

f̂
Θ̂
(z) =

1

|Θ̂|

∑
V∈Θ̂

f̂V(z)

For any loss convex in f :

R(f̂
Θ̂
) ≤ 1

|Θ̂|

∑
V∈Θ̂

R ′(V) ≤ R ′(V∗) + OP(an/
√
n),
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Experimental Setup

Dataset Energy Concrete Airfoil Wine Ccpp California

Samples 768 1030 1503 1599 9568 20640
Features 8 8 5 11 4 8

• Tasks :

▶ Density estimation
(log-likelihood)

▶ Mean regression
(RMSE)

▶ Probabilistic
forecasting (CRPS)

• Models :

▶ Dissmann et al. (2013)
heuristic

▶ (Kraus and Czado, 2017b)
heuristic / (Kraus and
Czado, 2017a) D-Vines

▶ Random Search + MCS
ensembling (RS-E)
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Density Estimation Results
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Energy Concrete Airfoil Wine Ccpp California

Dissmann 1.95 (0.35) 7.14 (0.11) 3.25 (0.04) 8.49 (0.19) 6.8 (0.01) 3.63 (0.16)
Kraus 1.51 (0.32) 7.16 (0.12) 3.27 (0.04) 8.39 (0.15) 6.8 (0.01) 3.6 (0.17)
RS-E (50) 0.12 (0.43) 6.55 (0.1) 3.05 (0.05) 8.11 (0.18) 6.74 (0.01) 3.41 (0.16)
RS-E (100) 0.13 (0.34) 6.51 (0.09) 3.03 (0.04) 8.06 (0.19) 6.74 (0.01) 3.36 (0.16)
RS-E (500) -0.28 (0.32) 6.49 (0.09) 3.0 (0.04) 7.92 (0.18) 6.73 (0.01) 3.31 (0.17)
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Prediction via Estimating Equations

• Target : β(x), a functional from the conditional distribution, e.g. :

▶ β(x) = E[Y | X = x ] (conditional mean) ;

▶ β(x) = F−1
Y |X=x(τ) (conditional τ -quantile).

• Let ψβ be a function s.t.

E[ψβ(Y ) | X = x ] = 0 ⇐⇒ β(x) is the target,

e.g., ψβ(y) = y − β, ψβ(y) = 1y<β − τ , etc.

• Solve the copula-based empirical counterpart 2 using∫
ψβ(y) f̂Θ̂(y | x) dy ∝∼

G∑
g=1

ψβ(yg )f̂Y (yg )
∑
V∈Θ̂

ĉV,D(F̂Y (x), F̂Y (yg )),

with equally spaced grid points {y1, . . . , yG}.
2. Nagler and Vatter (2024)
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Mean Regression & Probabilistic Forecasting

Average RMSE (standard error) on test data. Best results in bold :

Energy Concrete Airfoil Wine Ccpp California

Dissmann 2.76 (0.1) 7.12 (0.13) 4.52 (0.08) 0.63 (0.01) 4.09 (0.03) 0.66 (0.0)
Kraus 3.4 (0.13) 7.09 (0.14) 4.48 (0.1) 0.63 (0.01) 4.26 (0.02) 0.65 (0.0)
RS-E (50) 2.0 (0.06) 6.28 (0.1) 3.73 (0.06) 0.61 (0.01) 4.07 (0.03) 0.6 (0.0)
RS-E (100) 2.04 (0.07) 6.24 (0.1) 3.78 (0.06) 0.61 (0.0) 4.06 (0.03) 0.6 (0.0)
RS-E (500) 1.87 (0.06) 6.24 (0.08) 3.79 (0.07) 0.61 (0.01) 4.06 (0.03) 0.6 (0.0)

Average CRPS 3 (standard error) on test data. Best results in bold :

Energy Concrete Airfoil Wine Ccpp California

Dissmann 1.36 (0.03) 3.91 (0.07) 2.38 (0.04) 0.31 (0.0) 2.25 (0.01) 0.33 (0.0)
Kraus 1.41 (0.05) 3.94 (0.06) 2.37 (0.04) 0.31 (0.0) 2.38 (0.01) 0.33 (0.0)
RS-E (50) 0.93 (0.02) 3.39 (0.05) 1.94 (0.03) 0.29 (0.0) 2.24 (0.01) 0.29 (0.0)
RS-E (100) 0.95 (0.02) 3.37 (0.05) 1.97 (0.03) 0.29 (0.0) 2.24 (0.01) 0.29 (0.0)
RS-E (500) 0.89 (0.02) 3.37 (0.04) 1.97 (0.03) 0.29 (0.0) 2.23 (0.01) 0.29 (0.0)

3. CRPS(F , y) = 2
∫ 1

0
ρτ (y − F−1(τ))dτ with ρτ (u) = u(τ − 1{u < 0})

20 / 24



Agenda

1 Motivation

2 Methodology

3 Experiments

4 Conclusion

21 / 24



Conclusion

• Simple random search + MCS outperforms existing heuristics.

• Embarassingly parallel, theoretical guarantees.

• sklearn compatible API, will make it into pyvinecopulib.

• Future work : faster, better, smarter search strategies.

Thank you !
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Copulas

• Copula : multivariate distribution with uniform marginals.

• (Sklar, 1959) : Any multivariate distribution F can be
expressed in terms of its marginals F1, . . . ,Fd and a copula C .

F (x) = C{F1(x1), . . . ,Fd(xd)},

f (x) = c(F1(x1), . . . ,Fd(xd))
d∏

j=1

fj(xj).

• c,C available for some families (e.g., Elliptical,
Archimedean) : evaluation, sampling, etc are straightforward.

• However : few flexible families for d > 2, strong restrictions
(e.g., exchangeable dependence, symmetric tails).

• Vines : products of bivariate copulas, both flexible and
tractable.
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Vine Copulas

For uje |De
= Cje |De

(uje |uDe ), Cje |De
the cdf of Uje |UDe , etc. :

c(u) =
d−1∏
t=1

∏
e∈Et

cje ,ke |De
(uje |De

, uke |De
).

Definition (Vine Structure)

A sequence of nested trees
(Vt ,Et) satisfying :

1. V1 = {1, . . . , d}

2. Vt = Et−1 for t ≥ 2

3. Proximity condition on
shared nodes

1

2

3

4

1,2

2,3

3,4

1,3|2

2,4|3

1,2

2,3

3,4

1,3|2

2,4|3

1,4|2,3
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The DA discrete argmin statistic 4

Algorithm DA discrete argmin statistic

Input: Losses {Li ,m}1≤i≤N, 1≤m≤M , target index r ∈ {1, . . . ,M}.
Output: Test statistic T̂Vr .

1: Split indices : I1 = {1, . . . , ⌊N/2⌋} and I2 = {⌊N/2⌋+1, . . . ,N}.
2: On I1, find m̂−r ∈ argminm∈{1,...,M}\{r}

∑
i∈I1 Li ,m.

3: On I2, with ∆
(i)
m,k = Li ,m − Li ,k for 1 ≤ i ≤ N, 1 ≤ m, k ≤ M,

compute

T̂Vr =
1

σ̂r ,m̂−r

· 1√
|I2|

∑
i∈I2

∆
(i)
r ,m̂−r

,

with σ̂2r ,m̂−r
the sample variance of {∆(i)

r ,m̂−r
: i ∈ I2}.

4. (Kim and Ramdas, 2025)
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